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The vertical well weighting functions corresponding to x and y accelerometer biases,
as used in the ISCWSA error models, are examined herein. It is found that the toolface-
dependent weighting terms as found in SPE 67616 are incorrect when applied to surveys taken
with random toolface angles. They do, however, work fine if the surveys have a constant
toolface orientation. The toolface-independent terms as found in Copsegrove memo CDR-
SM-03, Rev. 4, with the exception of the unintentional omission of a multiplier term, are
correct and can be used with either constant or random toolface angles. Care should be
taken, however, to make sure that the omitted multiplier has not been omitted from an error
model code.

Preliminaries

In the ISCWSA error models, the partial derivative describing the effect of an error source
on position is usually given by the chain rule:

0Ar,  0Ar, Op,

861' N 8pk 8@-

(1)

where Ar,, is the change in wellbore position from survey station & — 1 to survey station k,
and p, is a vector of derived survey measurements at survey station & such that

Dy

D, = I (2)
Ay

Here, Dy is along hole measured depth, I is calculated inclination, and Ay is calculated true
azimuth.

A problem arises with the chain rule paradigm in vertical holes. In such cases, the partial
derivative %—’6”: can become singular for some error sources. A prominent example is the partial
derivative of azimuth with respect to accelerometer x and y axis biases. However, when
Equation 1 is evaluated as a single entity, rather than as a chain, the singularity vanishes.
The purpose of this memo is to ascertain the proper form of these vertical orientation partial

derivatives.

Singular Weighting Function Substitutions for Toolface-
Dependent Error Models

For simplicity, and in keeping with [Williamson(2000)], the balanced tangential method will
be used for position propagation:

Di— D sin Ij,_1 cos Aj_1 + sin I}, cos Ay,
Ary, = % sin Ij,_; sin Aj_; + sin I}, sin A, (3)
cos Iy_1 + cos I},
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Clearly, we need the form of the sines and cosines of inclination and azimuth. Define the
gravitational acceleration in the sensor frame as

G

G=| G, (4)
G-

where it is assumed that the 2z axis points downhole, and the z and y axes are such that the
coordinate system is right-handed. Then we can write

G,
sin] =
1G]
VG + G2
cos] = +———1 (5)
1G]l
Likewise, the magnetic field vector due to the Earth in the same sensor frame is defined
as
B,
B=| B, (6)
B.

Calculating the sine and cosine of azimuth is a little trickier. First note that a unit vector

pointing East can be defined as
G x B 7
Up = ————
|G < B

Further, a unit vector pointing in North can be defined as

u _uExG_(GxB)xG (8)
YT G T GG x B

If we define a unit vector along the z axis in the sensor frame, u, = [ 0 01 }, and we
note that the magnitude of the horizontal component of w, is

u,, =sinl (9)

then we can write the sine and cosine of azimuth as

T
) utu
sinA = —L£=
sin
T
UNU
cosA = N2
sin [

(10)

We can put these equations in a more familiar form by first noting that, from the definition
of a vector cross product, we can write

|G x Bl = [|G[|[B]|sin(90° - ©)
= |Gll[IB][cos© (11)
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where O is the magnetic Dip angle. Using Equation 11, and carrying out the dot and cross
products, we can get

(Gsz — Gsz)
|G||||B]| cos O sin [
B.(G: +G) — G.(G.B, + Gy B,)

A = 12
cos IG|2| B[ cos ©sin I (12)

sinA =

In order to assess the impact of accelerometer bias on position propagation in a vertical
well, let us assume that nominal inclination is zero. So sin/ = 0 and cos/ = 1 nominally.
Also, since azimuth is undefined in a vertical well, it is incorrect to continue to refer to the
sine and cosine of azimuth when I = 0. Rather, we have two calculated values that, when
multiplied by sin /, equal to zero since G, = G, = 0 and the sines cancel:

(GwBy — Gwa)
|G|[||B|| cos © sin I
B.(G: +G}) — G.(G.B, + Gy B,)

F. = - 13
G2 B[ cos O sin T (13)

F, =

Now consider a small deviation in the x axis accelerometer reading, AG,, such that G, =
0+ AG,. Let us determine the effect of this bias on Arj, due to survey station k. First note
that the bias will cause a deviation in inclination:

sin(04+ AI) = sinAl
cos (0+AI) = cosAl (14)

Next note that the calculated variables will also have a deviation due to the bias

F, = AF,
F, = AF, (15)

Putting this together in the definition of a derivative, and recalling that we are only exam-
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ining the effect at survey station k, we get

0AG, AGz—0 AG,
[ sin AILAF. —0
D. — D, S111 k Ck
= Ahm ZA—Cgkl sin AIkAFsk -0
G0 x | cosAl—1
[ sin AI(B,(AG240)—G,(AG:Bz+0)) ]
|G||?||B]| cos © sin AT
_ Dy — Dy sin AI(AGy By —0)
= M}fgo W G B[ cos © sin AT
G, -1
i /G2HAG2 ]
_ B -
Gl B cos©

_ Dy— Dy 5,
- 2 Gl B cos©

0

el
_ Dk_Dk‘—l COS
o 2 Gl
L O

(16)

where alpha,, is the magnetic toolface angle the subscript k£ has been dropped for brevity.
To clarify, when vertical

B, = || B cosOsinay,
B, = [|B] cos© cosay,
(17)
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A similar analysis for y axis accelerometer bias yields

(9A'rk . . ATk(AGy)

— A’I"k(O)

lim

OAG, — AG,-0 AG,

= AN, TIAG,

AG—0  2AG,

Dy — Dy

Dy — Dy

Dy — Dy

IGIIB] cos©

[ sin ALAF, —0
sin AILAF;, —0
cos Al — 1

|G||?||B]| cos © sin AT

sin AI(0—AGyB.)
[|G||||B]| cos © sin AT

G2

—By

Dy — Dy

— B,
2 IGI[l B cos©

0

r —CoSQm

le]i

—sin am

= 9 [l

[ sin AI(B:(0+AG2)—G.(0+AGyBy)) ]

(18)

To summarize, when in a vertical hole, the chain rule calculation used to determine the
effect of x and y accelerometer biases should be replaced by

and

OAr Dy — Dy

OABX

2 &Il

8Ark . Dk — Dk—l

— sin

OABY

9 [l

0

(20)
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Comparison with the Williamson Paper Formulation

SPE 67616 has formulations for accelerometer x and y bias weighting functions in vertical
holes. If one assumes that the computer code in use will calculate A = 0 and a = 0
when I = 0 (« is high-side toolface), then simulation shows that the position uncertainty
resulting from the formulation is identical to that resulting from Equations 19 and 20 for
sliding operations. However, the SPE 67616 formulation significantly overstates the position
uncertainty for rotating operations. This can be see in Figure 1, where the green ellipse
of uncertainty (EOU), calculated with Equations 19 and 20, is shown to match the blue
ellipse calculated from the covariance of the monte carlo samples. However, the red ellipse,
calculated from the formulation presented in SPE 67616, is shown to be significantly in error.
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Figure 1: Comparison of Horizontal Position Uncertainty Predictions in a Vertical Well
Under Rotating Conditions After 300 Meters. Plots are Identical Except the Left Plot
Shows the Samples Drawn from a 50,000 Run Monte Carlo Analysis.

Singular Weighting Function Substitutions for Toolface-
Independent Error Models

This section addresses the toolface-invariant fictive error sources introduced in [Torkildsen and Bang(2000)].
Table 1 in [Williamson(2000)] indicates that the partial derivatives, 38%, for the x and y
accelerometer bias terms are first order in cos 7, and sin7;. Thus, they 6nly have non-zero

weighting terms for fictive error sources 4 and 5 in Appendix E of [Torkildsen and Bang(2000)].

Note that the test [Torkildsen and Bang(2000)] actually gives the weighting functions as

%, where ¢; is a fictive error source. Thus, in order to stick with the definition of the

fictive error sources, we will analyze the full derivative analytic expression directly.



Accelerometer x Axis Bias, Term 4
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The 4™ fictive error source term corresponding to z accelerometer bias has a weighting

function, for a stationary survey k, given by

1 1 0Ary, Op,,
“dx, = il
2 2 Op, O¢;
TcosA
ch - Dkfl 1 OAT; cos .
AD- 9D cos Isin A
2\@ S —sin/
[ lcosA
AD, L o cos :
= r cos I sin A
HGHQ\/§ 8Dk 0Dk —sin/

ADy,

—sinlsin A ]| 0
sin [ cos A ul
0 | u
—sin/sin A [ 0
sin I cos A —cos [
0 | FicosItan©

—F.cos*(I) — F?sin I cos I tan ©

= —F,cos*(I) + F,F.sin I cos I tan ©

IG12v2

sin I cos [

(21)

When I — 0 with G, = 0 and AG, — 0%, we can find the derivative of this fictive error
source with respect to x axis accelerometer bias as the limit

_cos AI(B;(AG2+0)—G-(AGz B;+0))

(AGzBy—0)? 7]

ADy cos AT

|G|I?||B|| cos © sin AT

cos AI(AGyBy—0) + (

~ GBI cos? ©sin AT vl ©

AGyBy—0)(B:(AG2+0)—G.(AG; By +0)) tan ©

1

lim ———
N S TeTENG

T IGTIB][ cos © sin AT

IG||3]| B||? cos? © sin AT

i sin A7 i
[ cosAI(B:AG2—G.AG:Bz) (AGBy)? tan © T
IGII Bl cos ©|AGx| Gl B? cos? O] AGx|
_ im ADycos Al _ cosAIAGLBy | AGIB,B.G-AGIBB) (o o
AG-0t || G2v/2 [Bllcos01AG.] T ~[GIPIBI? cos? BIAC:]
i sin Al 1
sin gy,
Gl
— ADk — COS vy (22)
oo | Il
0

So we have arrived at an answer using the limit as AG, — 0%. However, if we had used
the limit as AG, — 07 the sign of Equation 22 would be positive instead of negative. This
means that there is no continuity in the limit, and therefore the limit does not exist. The
weighting function for the 4" fictive error term does not exist on its own. However, the limit
of the square of the fictive error weighting term does exist, and that is what is used for error

8
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propagation:
B sin2am T
G2
1d2 — ADk coszam
2 Xk 8 G2
- 0 o

Accelerometer y Axis Bias, Term 4

(23)

Let us now look at the effect due to the y axis accelerometer bias. The analog of Equation

21 for the y axis bias is given by

1 Dy — Dy, cos I cos A —sin Isin A 0
—dx, = Ale aaAD’;’“ cos I sin A sin I cos A ul
2 2v2 —sin [/ 0 ug
AD, i coslcos A —sin/sin A 0
= N %AD’" k| coslsin A sin / cos A 0
HGHQ\& i S —sin [ 0 | F.tan© — cot [
AD, [ —F,F.sinItan© + F, cos [
= —= F?sinltan® — F.cos [
G2 | 0

(24)

When [ — 0 with G, = 0 and AG, — 0", we can find the derivative of this fictive error

source with respect to y axis accelerometer bias as the limit

(B:(0+AG2)—G.(0+AGy By))(0-AGy By) (0-AGyB;)
- [GTEIBJ? cos? © sin AT tan © + (FriB s e s Az €O A
1 . ADk 2 2 2
“dy. = lim ——F_ (B:(0+AGY)-G= (0+AGy B))* oy (Bo(0+AG)-G=(0+AGyBy) | AT
2 AGy—0+ HG||2\/§ G2 B2 cos? ©sin AT IGT2[| B[ cos © sin AT
i 0
- (B:AG2—-G.AGyBy)AG, By AG, B, 7
GBI st 018G, A1 O ~ TBTcos 61aG,] €05 A
AD
— lim ———F | (B:AG2-G.AG,B,)? tan © — (B-AG2—G.AGy By) cos AT
AG,~0t [|G2v2 | TGFIBIEcos?61AG,] (GBI cos O]AG,|
i 0 i
— sin oy,
Gl
— ADk COS Qm
o0z | el
0

IS

(25)
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Note here that Equation 25 is not identical to Equation 22. However, analogously to Equation
22, it’s limit does not exist, but the limit of its square does exist:

i
1 2 ADk cos? o
§ka = ] HGH2m (26)
L 0 -

Accelerometer x Axis Bias, Term 5

The 5 fictive error source term corresponding to z accelerometer bias has a weighting
function, for a stationary survey k, given by

\ﬁe B \ﬁ AT, Op,
2 2 Op, O¢;

Dy — D, cos I cos A —ginlsin A | 0
- 1 r . .
- NG Ale %AD: cos [ 'sm A sin I cos A vé
—sin [ 0 1| vk
AD [ cos I cos A —sin/sin A [ 0
= k AlD %ADT k| coslsin A sin I cos A 0
1G12v2 kO ;
—sin 0 | —F.tan© + cot [

AD [ FLF.sinltan® — F,cos [
- =7k —F?sin[tan© + F.cos [

IG12v2 0

(27)

When I — 0 with G, = 0 and AG, — 07, we can find the derivative of this fictive error

-10-
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source with respect to x axis accelerometer bias as the limit

[ (AGuB,—0)(B:(AG240)-G(AGsBat0)) 1 @ _ <05 AI(AG:By=0)
IG||3]|BJ|? cos? © sin AT IG|||| B]| cos © sin AT
lex - lim _ADy _(Bo(AGH0)-GL(AGs Bot0)? o | cos AI(B.(AGE+0)~G. (AG, B +0)
9 Tk AGLz—0+ ||Gl|2\/§ IG||*||B]|? cos? © sin AT |G||?||B]| cos © sin AT
i 0
i AGyBy(B.AG%:—G.AG,B;) tan © — cos AIAGy By T
IGI?1IBI? cos? O] AGy | [ Bl cos O] AG, |
= lim & _ (B:AG2-G.AG:By)? tan © + cos AI(B.AG2—G.AG,By)
a0t |Gl2v2 | T ICPIBP e elac.] [GTIBT cos SIAC
- 0 -
— coS aum
&l
— AD}‘«‘ — sin am
o | Tlel
0

So we have arrived at an answer using the limit as AG, — 0%. However, if we had used
the limit as AG, — 0~ the sign of Equation 22 would be positive instead of negative. This
means that there is no continuity in the limit, and therefore the limit does not exist. The
weighting function for the 4" fictive error term does not exist on its own. However, the limit
of the square of the fictive error weighting term does exist, and that is what is used for error

propagation:
-, -

Tt
1 ADk sin? o
2% T Tg | TP (29)
- O -

“11-
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Accelerometer y Axis Bias, Term 5

These fictive error sources corresponding to y accelerometer bias have weighting functions,
for a stationary survey k, given by

\ﬁe B \ﬁ OAry Op,,
2 kT 2 Op, Oe€;

D.— D cos I cos A —sinlsin A ] 0
K 2\/;1 Ale %Aé;’“ cos ].sinA sin I cos A vé
—sin/ 0 1L vk
AD [ cos cos A —sin/sin A i 0
— k A}Dk %AD’;’“ cos I sin A sin I cos A —cos/
||G||2\/§ i —sin [ 0 | Ficos[tan©
AD [ —F.cos?(I) — F%sin I cos I tan ©
- = | _FR cos®(I) + FyF,.sin I cos I tan ©
HGHQ\@ i sin [ cos [

(30)

When I — 0 with G, = 0 and AG, — 0%, we can find the derivative of this fictive error
source with respect to y axis accelerometer bias as the limit

[ cos AI(B:(0+AG2)-G=(0+AGyBy)) (0—AGy B,)? tan© |
IG||?||B]| cos © sin AT |G||?]|BJ|? cos? © sin AT
\/Iex -  lim ADjcos Al | cosAI(0-AG,B.)  (B:(0+AG3)-G-(0+AG,By)(0-AG,Ba) o
2 7k AGz—0t ||G||2\/§ |G| B|| cos © sin AT [|G]3||BJ|? cos? © sin AT
L sin A i
r COSA[(BZAGZ—GZAGyBy) (AGyBy)? t o 7
T T IGNIBleosOIAG,[  TGIBI? cos? O]AG,| "
AD AT
- i 2HkCSAL C0SATAG, By (B:AGE-G:AGyB)AGBs oy
AG—0t | G|12v2 [Bllcos O1AC, | [GIPTBIP cos? O1AG, |
i sin AT i
COS Ot
Gl
— ADk’ sin oy, (31>
o/a | el
0

Note here that Equation 31 is not identical to Equation 28. However, analogously to Equation

-12-
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28, it’s limit does not exist, but the limit of its square does exist:

IEiER
1 2 ADk sin® o
§6Xk — ] 1G[12 (32)
-~ 0 -

Accumulating of Position Uncertainty Due to Accelerometer x/y
Axis Bias Terms 4 and 5

Recall that weighting functions of the fictive error terms are defined, for example, such that

10Ar; 0
\[ dx, = \f e (33)
Op; O€;
Thus, if we wanted to determine the position uncertainty at survey station k£ due to one such
systematic error source, we would use

i (amj Op; DA, 8pj1) P i (8Arm 0Py, , OATY, apm1>T
ey 8pj (9ez- 8pj_1 @Gi ’ ——" 8pm @Gi ﬁpm_l Qei
(34)
\/T \/T dAr; Op;_,
Sdy,. = gl
2 77 20p;_; O
1 10Ar; Op;
—dyx,, = Rl
\/; Xj,5 \/7 apj 861 (35)

k k
ZZ{dejdem <TJ7Tm)+dX”dem 1p(7-jv7—m 1)

j=2 m=2
+de,j71de,mp(Tj*17 Tm) + de,jflde,m—l p(Tj*b Tmfl)} (36>

E[AF AT = E

Using the notation

Equation 34 can be rewritten

E [ArATL] =

N |Sw

where it has been assumed that the variance of each bias term individually is ¢?. Because
all of the dx values for a single fictive error source have the same dependence on the sign
of that error source in terms of their limit as I — 0, this dependence will cancel out in the
covariance calculation, meaning the limit will exist. Furthermore, for fictive error term 4,
for any two survey stations terms of the form dx, dx,, ,,p(7;, 7) Will only be non-zero if the
correlation term, p(7;,7,), is equal to 1, meaning 7; = 7,,. Thus, the only non-zero terms in
Equation 36 will be of the form

1 de dT AD:AD SIN sm O — SIN Qi COS Qi 8 i
2% X m W — COS aﬂg SN Qyp;  COS ozmjocos Ol O (37)

13-



Superior QC, LLC.

This holds for both the contributions from the x and y accelerometer biases. Therefore, it
is valid to combine the effects of fictive error term 4 from the z and y biases to get the
combined accelerometer bias contribution from fictive error term 4:

k k
FE [A?N"kA’f'g] = O'Z-2 Z Z {de,jde,mp<Tj7 Tm> -+ de,jdeymflp(Tj7Tm*1)

j=2 m=2
+de,j71de,mp(Tj717 Tm> + de,jfldX"L,'mflp(Tj*l’ Tmfl)} (38>

This term is referred to in the ISCWSA error model paradigm as ABXY-TI1.
Similarly for Term 5, the analog of Equation 37 for any two survey stations is

1 AD.AD COS Qyy; COS Qi COS sin O 0
T _ 7 m . . .
§er,j X — 8||G—||2 SIN Qppy; COS Qg SNy ; SIN Qi 0 (39)
0 0 0

which holds for both the x and y bias fictive error terms. Thus, it is valid to combine the
effects of fictive error term 5 from the x and y biases to get the combined accelerometer bias
contribution from fictive error term 5:

ko k
E [A'FkA'Fﬂ = o} Z Z {ex,,€xpmP(Tj, Tm) + €x;,€ X1 P(Ti Tn1)

Jj=2 m=2

+6Xj,j71€Xm,mp(Tj*17 Tm) + er,jfleXm,m—lp(Tj717 7—m*1>} (4())

where it has been assumed that the variance of each bias term individually is ¢?. This term
is referred to in the ISCWSA error model paradigm as ABXY-TI2.

Analysis of Equations 37 and 39 shows that, for each entry in Equations 38 and 40 the
off-diagonal terms will drop out, and the addition of the on-diagonal terms will result in an
identity matrix. This is equivalent to using the vertical well weighting functions:

1

Gl

. _ AD

ABXY-TI1 weighting function = - 0 (41)

and

0

AD
ABXY-TI2 weighting function = 5 ﬁ (42)

0

Note that the term weighting function here refers to the partials of the error source with
respect to the position vector. These weighting functions are appealing for use in toolface-
independent error models because they have no toolface dependence of any kind and contain
no terms that are not defined, such as azimuth.

-14-
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Comparison with Copsegrove Memo Formulation

The Copsegrove memo CDR-~-SM-03, Rev. 4 uses a different formulation of the accelerometer
x and y bias functions in a vertical hole. The ABXY-TI1 term is handled in the standard,
non-singular fashion. The net result is

coslcosA | —sinlsinA 0
(9Ark 3pk Dk - Dk—l 1 OAr . . cos
= xp- apr | coslsinA sin I cos A NEl
(9pk 8(—:i 2 k k —sinl 0 tan © cos [sin A
Gl

(43)
If we assume that when I = 0, the computer code calculates A = 0 and a = 0, then this
weighting function reduces to

__1

0Ar; 0p, ADy Gl
— 44
op, de 2 0 (44)

0

which, except for the sign, is equivalent to Equation 41.
The vertical well weighting function for the ABXY-TI2 term is given as

__sinA
OATy % _ colscz;ﬁl” (45)
op, Oe; IISH

Under the same conditions as above, for I = 0 this reduces to

0
0Ar; Op,, 1
o de, | TG o

which, except for multiplier Aé) L is equivalent to Equation 42. Clearly the % multiplier

should be included (simulation confirms this), and this was likely the intention of the
memo. Still, care must be taken to implement the ABXY-TI2 weighting function correctly,
given the incomplete presentation in CDR-SM-03, Rev. 4. Leaving the multiplier off can
effectively remove all contribution of accelerometer bias to position uncertainty in the East
direction during the vertical portion of a well, distorting the error ellipse. Otherwise, the
two formulations agree perfectly, as can be seen in Figure 2 for the rotating case.
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Figure 2: Comparison of Horizontal Position Uncertainty Predictions in a Vertical Well
Under Rotating Conditions After 300 Meters. Plots are Identical Except the Left Plot
Shows the Samples Drawn from a 50,000 Run Monte Carlo Analysis.
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